In the phononic frequency comb demonstrated in [3], the three-wave mixing process is particularly operative in the system of two parametrically coupled phonon modes. However, the preceding theoretical work [4] on frequency combs have actually shown the possibility for frequency combs in a system comprising three and four parametrically coupled phonon modes. Hence, inspired by these mathematical predictions [4], we now experimentally describe three wave mixing process even in three mode parametric resonance [5] . Additionally, this paper also presents surprising experimental facts specific to three-mode three-wave mixing based phononic frequency comb.
Optical frequency combs have significantly transformed modern metrology and molecular spectroscopy [1] [2] . Recently, we experimentally demonstrated the existence of such frequency combs in the phononic domain [3] after its theoretical prediction in [4] . While both optical and phononic frequency combs carry similar spectral features, the dynamics describing the respective generation processes are different. The optical frequency combs usually arise through a wellestablished Kerr nonlinear pathway [4] . However, the pathway describing our more recent phononic frequency combs is nonlinear three-wave mixing [4] . Through this mechanism, a single drive tone intrinsically couples with the eigenfrequency of a phonon mode. Such physical interaction can particularly enable high-precision micro and nano-mechanical resonant sensors adapted for the direct monitoring of slow varying intrinsic or extrinsic physical processes.
In the phononic frequency comb demonstrated in [3] , the three-wave mixing process is particularly operative in the system of two parametrically coupled phonon modes. However, the preceding theoretical work [4] on frequency combs have actually shown the possibility for frequency combs in a system comprising three and four parametrically coupled phonon modes. Hence, inspired by these mathematical predictions [4] , we now experimentally describe three wave mixing process even in three mode parametric resonance [5] . Additionally, this paper also presents surprising experimental facts specific to three-mode three-wave mixing based phononic frequency comb.
For understanding the surprising nature of three-mode three-wave mixing based phononic frequency comb, we first present a brief discussion of two-mode three-wave mixing based phononic frequency comb. Hence, we first consider the coupled two-mode dynamics. 
where is the drive level, and are quadratic coupling coefficients and =1,2 and =1,2 are natural frequencies and damping coefficients of modes = 1,2 respectively.
Here, when the drive frequency is closer to 1 , the direct excitation of mode 1 takes place. The larger drive level cause higher displacement 1 which in turn results in the parametric excitation of mode 2 through the nonlinear term 1 2 . The frequency of this parametrically excited tone is expected to be 2 in the case of two-mode parametric resonance [6] . However, owing to an intrinsic three-wave mixing pathway, the excitation of .
While the concept of three-wave mixing with two-mode parametric resonance is clear, we now turn to three-wave mixing with three-mode parametric resonance. For understanding this, we consider a system of three coupled modes [5] .
Based on this dynamics, for
, the parametric excitation of tones ≅ 1 and ≅ 2 which satisfies the condition + = is expected. Using the perspective derived from two-mode three-wave mixing, we now outline the three-wave mixing pathway in this system of three-coupled modes.
In the case of two-mode three-wave mixing, one of the frequencies corresponding to the combs of spacing | − 1 | had to satisfy the condition 2 = 1 instead of 2 = . Hence, a frequency comb of two-mode three-wave mixing, the frequency condition of + = is also satisfied in these frequency combs when = ; = .
In order to establish this pathway for comb formation, we experimentally probe a micromechanical device and organise the experimental observations to support the above discussion. Note: In the experimental section, unlike in the theory section, the temporal frequency is used in the discussion instead of angular frequency = 2 .
For studying the three-mode three-wave mixing based frequency comb, the same experimental system that was used to study two-mode three-wave mixing [3] is once again considered i.e. an AlNon-Si free-free micro-beam of dimensions 1100 × 350 × 11 3 ( Figure 1A ). A sinusoidal electrical signal is applied through one of the split electrodes patterned on the microstructure and the output signal which is extracted via another split electrode is analysed using Agilent infiniium 54830B DSO.
The experiments were carried out under ambient pressure and temperature conditions. Additionally, at higher drive levels ≥ 18 , inter-leaved spectral lines are also formed. This is broadly similar to the case presented in our previous demonstration of three-wave mixing [3] .
Corresponding to the frequency generation about , combs are also formed about ≅ 2 and ≅ 3 ( Figure 2B and 2C) . However, there are no vertical lines in figures 2B and 2C. This shows that the frequencies and corresponding to the two parametrically excited internal modes are also drive level dependent and such dependences are related to the nonlinear comb generation process.
This leads to a drive-level dependence of the comb spacing in the presented pathway.
To understand more about the drive level dependence of the frequency comb, the evolution of figure 3D shows that the resonant frequency 1 is drive level dependent although linear. This is similar to the case observed in [3] . This drive level dependence of 1 thus leads to the drive level dependent comb spacing as noted in figure 2A . Figure   4A further validates that the spacing of frequency combs formed about , and are equal. To obtain the relevance of the dispersion band of the driven phonon mode on the frequency comb, the experiments were conducted at different drive frequencies. Despite the significant low 3-mode parametric resonance threshold within the dispersion band for instance = 3.856 , the frequency comb is only existent outside the dispersion band specifically on the right side ( Figure 4B ).
The reason for the existence of an asymmetric frequency comb on only one side of dispersion band, unlike the case presented in [3] , can possibly be explained by the asymmetry of drive frequency dependent parametric excitation threshold ( Figure 4B ). In the frequency combs observed in our experiments, similar to those presented in [3] , the spacing stays the same for different drive frequencies at a specific drive level in addition to the increase in spacing with drive level for a specific drive frequency. This can also be evidenced from the colour-maps in the figure 4B . 
